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1. Introduction

A metal substrate surface bonded or embedded by a piezoelectric layer has been intensely studied during last two
decades for practical designs of actuators, sensors, and absorbers because of the electromechanically coupling
characteristics. Examples include the actuation analysis of piezoelectric fiber composites [1], vibration, and buckling of
piezoelectric coupled laminated structures [2,3], and wave propagation in piezoelectric coupled cylinder structures [4].
The analyses about the structural vibration and control were also conducted with different piezoelectric coupled structures
[5-9].

Fundamental mechanical models for analysis of piezoelectric coupled structures are indispensable and have been
attracted much attention. Crawley and deLius [10] developed a uniform strain model for a beam with surface bonded and
embedded piezoelectric actuator patches accounting for the shear lag effects of the adhesive layer between the
piezoelectric actuator and the host beam. A model to account for the coupling effect was later proposed based on the Euler
beam assumption [11]. Based on Hamilton’s principle, Leibowitz and Vinson [12] derived a model in which the elastic
layers, soft-core layers or piezoelectric layers are included. A meshfree model was constructed by Liew et al. [13] for the
static analysis of laminated composite beams and plates with integrated piezoelectric layer based on the element-free
Galerkin (EFG) method.
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Piezoelectric materials with both closed and open circuit boundary conditions are widely applied in engineering
applications. For example, the closed circuit piezoelectric materials are mostly used for the design of ultrasonic motors and
resonators, and the open circuit piezoelectric materials are employed for the design of vibration sensors and absorbers.
Wang and Quek [14] presented a study of a free vibration of a piezoelectric sandwich beam structure, in which the
piezoelectric effect on resonance frequencies of the structure and the distribution of the electric potential were
investigated and analyzed. In addition, a quadratic electrical distribution in thickness direction of the piezoelectric layer
was proposed by Wang et al. [15] in analysis of a piezoelectric coupled circular plate with closed circuit condition.
In analysis of the open circuit piezoelectric materials, Davis and Lesieutre [16] studied a vibration absorber using a
piezoelectric material, and found the effective stiffness of the piezoelectric material would increase when the electric
surface condition changes from closed to open circuit. Corr and Clark [17] employed the high stiffness of the structure
induced by the open circuit piezoelectric material to increase the structure damping and potential energy. Chevallier and
Ghorbel [18] experimentally presented a benchmark for free vibration and effective coupling of thick piezoelectric smart
structures. Liu, Pan, Heyliger, and Ding [19-22] studied the free vibration process of piezoelectrically coupled plate with
both open and closed circuit electric surface conditions. Their research showed that the coupled plate vibration response
with open circuit piezoelectric layer is far different from the one with closed circuit piezoelectric layer. From the authors’
knowledge, most of the available researches studied the open circuit piezoelectric coupled plates through finite element
method (FEM) simulations and experimental investigations. An accurate physical model of the piezoelectric coupled plate
with open circuit electric boundary condition, especially the electrical potential distribution along the thickness direction
of the piezoelectric layer, needs to be developed.

The free vibration analysis of a thin piezoelectric coupled circular plate with open circuit electric surface condition is
presented. A solution for the electrical potential across piezoelectric layers’ thickness is developed the first time to strictly
satisfy the open circuit electrical boundary condition. Based on the derived electric potential, the Kirchhoff plate model,
and the Maxwell equation, a mechanical model for the open circuit piezoelectric coupled circular plate is established.
System resonance frequencies and displacement mode shapes are provided by numerical simulations. Moreover, the
resonant frequencies of the plate are compared with the results of closed circuit condition [15], and an attempt on physical
interpretation of the difference of the resonant results is included. The potential application of this research lies in the
design of piezoelectric sensors and absorbers and structural vibration control using piezoelectric materials.

2. Mechanical models for piezoelectrically coupled circular plate with open circuit condition

In the following vibration analysis of the cylinder plate, the cylindrical coordinate system is adopted. z-Axis indicates
the thickness direction.

2.1. Kinematics and constitutive relations

In this section, basic kinematics and constitutive equations of the piezoelectric layer and the host plate are simply
provided for derivations of the free vibration of the coupled plate in later sections. The structure of a piezoelectric coupled
circular plate with radius rq is shown in Fig. 1. The thickness of piezoelectric layer and the half thickness of the host plate

are denoted as h; and h. In application of the Kirchhoff thin plate theory, the displacements and strains of the plate are
provided:
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Fig. 1. Layout of a circular plate with two piezoelectric layers mounted on its surfaces.
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where u,, u,, and uy are the displacements in the transverse z-direction, radial r-direction, and tangential 0-direction of the
plate, respectively.
The stress components in the host plate are thus expressed as
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The piezoelectric material is assumed to be polarized in the z-direction. The stress components in piezoelectric layer
can be written as
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where the superscripts 1 and 2 represent the variables in the host structure and the piezoelectric material, respectively;
Ct,, C§, and &5, are transformed reduced material constants of piezoelectric medium for plane stress problem, and are
given by C5;=C5—((C53)2/C53), CEa=Cho—((CH3)?/Chs), 631=e31—(CEses3/Chs) [19]. E is Young’s modulus of beam material;
C%, and (%, are the elastic modulus of piezoelectric material in the radial and tangential directions measured at constant
electric field; and es; is the piezoelectric constant of the piezoelectric layer.

2.2. Electric potential distribution in the piezoelectric layer

A quadratic variation of the electric potential in the transverse direction of the closed circuit piezoelectric layer was
provided by Wang et al. [15], and verified by the finite element analysis. An electric potential solution for the open circuit
piezoelectric layer needs to be established to strictly satisfy the open circuit electrical boundary condition. The potential
function in thickness direction of open circuit piezoelectric layer is first assumed to be

2
b= {1 - (%) } o(r, 0, H+X, (13)

where X is a linear function of z, X=Az+B. A and B are parameter functions of r, 0, and t. They will be determined to satisfy
the open circuit electric boundary conditions. Since the piezoelectric layer is surface bonded on the metal substrate, the
electric potential on the interface of the layer and substrate is null. Meanwhile, since the piezoelectric layer abuts
the vacuum, i.e. the surface of the piezoelectric layer is totally isolated and insulated; the electric displacement at the
surface can be approximated to be zero [23]. Eq. (13) should satisfy the following boundary conditions

¢|z:h =0
Dz‘z:thlﬂ =0 (]4)

where ¢ is the electric potential, and D, is the corresponding electric displacement along the z-direction.
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Submitting Eq. (13) into the three components of the electric field and electric displacement yields

Ez=—g—f=8(z_hh%_h]/2)<f’—% (17)
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where 21 and Z33 are reduced dielectric constants of the piezoelectric layer for a plane stress problem, which are given by
E11 = E11, B33 = E33 + (23 /C5;), Er, Ep, and E; are the electric field intensity in the r, 0, and z directions, respectively; D,, Dy,
and D, are the corresponding electric displacements; Z;; and E33 are the dielectric constants of the piezoelectric layer; A is
the Laplace operator and is given by A=(8?/6r?)+(8[ror)+(&%[r?603).

Substitution of Eqs. (13) and (20) into electric boundary conditions given by Eq. (14) leads to the expressions of
unknown constants A and B, and the expression of the electric potential in Eq. (13) becomes

hi/2 =

=3

2
o= {1 - (=52 } 0.0, 0+ 252 .0, 0 - EL i hiye - w. 1)
Eq. (21) is the electric distribution function along the thickness direction of open circuit piezoelectric layer.
2.3. Analysis of piezoelectric coupled circular plate

Substitution of Eqs. (21) and (17) into Egs. (10)-(12) yields three components of the resultant moments in the coupled
plate
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where D;=2Eh?/3(1—u?), D,=(2/3)h;(3h?+3hh, +h?)CE,.
The corresponding resultant shear forces are herein written as:
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The governing equation of the Kirchhoff plate model is given by
aQr 0qy Qu, e 52y,
I Ty I </ . dz+2/ Py o dz 27)
Substitution of Egs. (25) and (26) into Eq. (27) yields the governing equation for open circuit piezoelectric coupled plate
4. _ ow
(D1+Dy +D4)AAW+ §h1€31 +Ds3 A§0+2(Plh+pzhl)ﬁ =0 (28)
where D3=—463,(2h+hy), D4y =e31(h+hy)[(h+h1)?> — h2]/Z33; p; and p, are material densities of the host plate and

piezoelectric layers, respectively.
Substitution of Eqgs. (18)-(20) and Eq. (21) into the Maxwell equation

h+mraaD,) oDy oD,
/h { rér +r60+§} dz=0 (29)
leads to the differential equation for the electric field as follows:
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where C;=(B—B1)(D1+D2+D4)/((4/3)11€31+D3), C2=(—B1)(2(p1h+p2h1))/((4/3)h1831+D3).
From Egs. (31) and (28), we get the sixth-order differential equation about w
2w Pw

where To=2(p1h+pzhi), Ti=((4/3)h1€31+D3)(Coh1/8Z33), Ty =Dy +Dy+Da+((4/3)h1€31+D3)(@31h%/8E33), T3 =((4/3)
hie31+D3)(Cihy /8E33).
The wave solution for w(r,0,t) can be written as follows:

w(r, 0, t) =Ww(r)el®’=o, (33)

where W(r) is the amplitude of the z-direction displacement as a function of radial distance only; w is the natural frequency
of the coupled plate; and p is the wavenumber in 6 direction.

The general solution of the sixth-order differential equation about W(r) can be obtained following a similar and standard
process in Ref. [15], and the solution is directly given as below:

W(r) =A1Z1 (U1 1)+ A2 Zo (1) +AsZ3(sT) (34)
where A; is the unknown parameter, u; = /IX11, 1y = /IX2], 13 = /Ix3] and
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J(°) is the first type Bessel function and I(-) is the modified first type Bessel function. As the structure is a solid disc, three
solutions of Bessel function vanish. Thus, following Ref. [15], the roots of the cubic characteristic equation can be written as
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where S=(1/3T3),/T3+3T1Tsw?,  =arccos(—c/21/(=b/3)), b=—(T5/3T3)—(T1w?[T3), c=—(2T3/27T3)~(T1T,w?|3T3)+
(Tow?|T3).
¢(r,0,t) can thus be expressed as follows:
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where @(r) is the spatial variation of the electric potential in the radial direction, which can be obtained directly by
submitting Egs. (33), (34) and (38) into Eq. (31)
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3. Solution for free vibration of open circuit piezoelectric coupled plate

The resonance frequencies and mode shapes for the coupled plate structure with two standard boundary conditions
can be solved from an eigen value problem.

3.1. Clamped circular plate

Since the piezoelectric layer is assumed to abut vacuum, the electric displacement along r-direction, D,, can be
approximated to be zero at r=ro. The boundary conditions of the clamped circular plate are expressed as
N R 0
Ww=0, W=0, air)=0 (atr=rg) (40)

Substitution of Eqs. (34) and (39) into Eq. (40) yields the characteristic equation
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From Eq. (41), resonant frequencies can be solved, and the corresponding mode shapes of the flexural displacement w
and the electric potential ¢ are provided below:
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It is assumed that steel and PZT4 are employed as the host structure and piezoelectric layer, respectively. The material
properties and geometric sizes of piezoelectrically coupled plate are provided in Table 1. Fig. 2 provides the first four
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Material properties and geometric size of the piezoelectric coupled plate.

Host structure (steel) Piezoelectric layer (PZT4)
Young’s module (N/m?) E=200 x 10° C51=132 x10°
C5,=71 % 10°
53=115 x 10°
£3=73x10°
Mass density (kg/m?) 7.8 x 10° 7.5 x10°
ey (C/m?) - —4.1
es33 (C/m?) = 14.1
Z1; (F/m) - 7.124x107°
Za3 (F/m) = 5.841 x 109
ro (mm) 600
h (mm) 10
hy (mm) 2

Fig. 2. First four mode shapes of the displacement of the open circuit piezoelectric coupled plate with clamped boundary condition.

vibration mode shapes of the displacement of the clamped open circuit piezoelectric coupled plate. Fig. 3 shows the
electric potential distributions in thickness direction of the open and closed circuit piezoelectric layers.

3.2. Simply supported circular plate

For simply supported circular plate, boundary conditions are given by

W=0, M,=0, %f:o (atr=rp) (45)

The characteristic equation is expressed as

where

nip M2 M3
Nyp MNy2 N23|=0 (46)
n3; N3 N33

ni1 =Z1(l4470)
N2 =Z>(Uy10)
N3 =Z3(lU370)
N1 =My +Mi2 +Mi3
Nyy = Mp1 +Mpz +Ma3
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Fig. 3. The electric potential distributions in thickness direction of the open and closed circuit piezoelectric layers.
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Fig. 4 shows the first four mode shapes of the displacement of the simply supported open circuit piezoelectric coupled
plate.

4. Numerical simulations and discussions

In the following simulations, we adopt same material and geometry properties provided in Table 1.

Table 2 lists the first four resonance frequencies of both closed and open circuit piezoelectric coupled structures with a
clamped boundary condition when the thickness ratio (h,/2h ) is 1/10. We can find that the resonant frequencies of the
open and closed circuit piezoelectric coupled plates are increased by 6.73 percent and 3.77 percent, respectively, compared
to the frequencies of the substrate steel. Such different increases in resonant frequencies of the two plates indicate that the
effective stiffness of the open circuit piezoelectric coupled plate is larger than that of the closed circuit one, which
coincides with the experimental results by Corr [17] and Chevallier [18]. In order to investigate the physical interpretation
of the different increases, Table 3 lists the fundamental resonant frequencies of the open and closed circuit piezoelectric
coupled plates with various piezoelectric layers at h{/2h=1/10, 1/8, and 1/5, respectively, when the thickness of the host
plate is 20mm. The second column is calculated by removing the piezoelectric effect, or setting the piezoelectric

AR S
MR Y
SO

0.5

Fig. 4. First four mode shapes of the displacement of the open circuit piezoelectric coupled plate with simply supported boundary condition.

Table 2
The first four resonance frequencies of piezoelectric coupled plates with clamped boundary condition.

Mode number Substrate plate Piezoelectric coupled plate
Closed circuit [15] Increments (%) closed circuit Open circuit Increments (%) open circuit
1 869.691 902.479 3.77 928.23 6.73
2 1809.87 1878.17 3.77 1931.76 6.73
3 2969.34 3081.08 3.76 3169.00 6.724
4 3385.71 3513.43 3.77 3613.69 6.73
Table 3

Effect of the circuit condition on the fundamental resonance frequencies of the piezoelectric coupled plate with clamped boundary condition at different
thickness ratios.

Thickness ratio (h;/2h) Without piezoelectric effect With piezoelectric effect

Closed circuit Increment (%) Open circuit Increment (%)
1/10 902.40 902.479 0.0087 928.23 2.86
1/8 914.483 914.617 0.0147 946.45 3.50

1/5 957.87 958.356 0.0488 1007.5 5.19




N. Wu et al. / Journal of Sound and Vibration 329 (2010) 1126-1136 1135

Table 4
The first four resonance frequencies of piezoelectric coupled plates with simply supported boundary condition.

Mode number Pure structure Piezoelectric coupled
Closed circuit [15] Increments (%) Open circuit Increments (%)
closed circuit open circuit
1 420.33 435.6 3.63 448.067 6.74
2 1183.75 1227.5 3.70 1262.53 6.66
3 2181.51 2262.4 3.70 2327.03 6.67
4 2531.36 2625.2 3.75 2700.2 6.67
Table 5

Effect of the circuit condition on the fundamental resonance frequencies of the piezoelectric coupled plate with simply supported boundary condition at
different thickness ratios.

Thickness Without electric With electric contribution
ratio (hy/2h) contribution
Closed circuit [15] Increment (%) Open circuit Increment (%)
1/10 435.54 435.63 0.0206 448.067 2.88
1/8 441.30 441.42 0.027 456.91 3.54
1/5 462.04 462.34 0.065 486.73 534

coefficients to be null, to represent the only stiffening effect of the piezoelectric layer. Therefore, the percentages of the
increase in the resonant frequency on columns 4 and 6 establish the piezoelectric effect clearly. From the table it is
expectedly seen that the piezo-effect is obvious when the host plate is coupled with a thicker piezoelectric layer for both
closed and open circuit conditions. In addition, the piezo-effect of closed circuit piezoelectric layer is found to be almost
negligible, whereas piezo-effect of open circuit one plays a major role in increasing the frequency of the coupled plate. Such
a phenomenon is attributed to the different electric potential distributions along thickness direction of the open and closed
circuit of the piezoelectric layers. Fig. 3 shows the electric potential distributions in thickness direction of open and closed
circuit piezoelectric layers. The electric potential of the closed circuit piezoelectric layer reaches maxima at the mid-plane
of piezoelectric layer, then begins to decrease and returns to zero on the surface of piezoelectric layer. On the other hand,
for the open circuit electric surface condition, the electric potential keeps growing to maxima towards the surface of
piezoelectric layer. The distributions show that when a piezoelectric layer is shortly connected, the electric potential on
both surfaces of the piezoelectric layer vanish, and hence the electric energy is released by the closed circuit electrode
status, which would reduce the piezo-effect of the piezoelectric layer on the stiffness of the coupled plate. On the other
hand, the electric potential of an open circuit piezoelectric layer cannot be released during any vibration of the coupled
plate, and is continually converted to mechanical energy because of the piezo-effect. Such a process enlarges the increase
of effective stiffness of the coupled structure. Therefore, higher piezo-effect could be observed from the open circuit
piezoelectric layer.

The first four resonance frequencies of the piezoelectric coupled plate with a simply supported boundary condition are
shown in Table 4. The thickness ratio of piezoelectirc layer to the host beam is 1/10, which is the same as the thickness
ratio used in Table 2. Although the frequencies are found to be much lower than those of the plate with a clamped
boundary condition, higher increases in resonance frequencies of the open circuit piezoelectric layer than those of the
closed circuit piezoelectric plate is again observed. Such a result coincides with that of the clamped coupled plate. Table 5
lists the fundamental frequencies of the simply supported open and closed circuit piezoelectric coupled plates with various
thickness piezoelectric layers when the thickness of the host beam is 20 mm. Similar observations on the differences of the
piezo-effect between open and closed circuit piezoelectric layers are also obtained.

5. Conclusion

A mechanical model for the analysis of an open circuit piezoelectric coupled circular plate is developed. The solution for
electric potential along thickness direction of piezoelectric layer is provided for the first time to strictly satisfy the open
circuit electric boundary condition. Based on the developed electric potential solution and the Kirchhoff plate model and
the Maxwell equation, the free vibration solution for the piezoelectric coupled plate is presented.
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The numerical simulations show that the resonance frequencies of the open circuit piezoelectric coupled plate are
higher than those of the closed circuit counterpart. Piezo-effects of the open and closed circuit piezoelectric layers are
particularly investigated and found that the effect from the open circuit piezoelectric layer is much larger than that from
the closed circuit one, which is almost negligible. Such a difference is owing to the different electric energy processes of the
two piezoelectric layers during vibrations.
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